The quasi-isochronous ͑QI͒ dynamical system, in the presence of synchrotron radiation damping and rf phase modulation, exhibits a sequence of period-2 bifurcations en route towards global chaos ͑instability͒ in a region of modulation tune. The critical modulation amplitude for the onset of the global chaos shows a cusp as a function of the modulation tune. This cusp is shown to arise from the transition from the 2:1 to the 1:1 parametric resonances. We have also studied the effect of the rf voltage modulation on the QI dynamical system and found that the tolerance of the rf voltage modulation is much larger than that of the rf phase modulation. ͓S1063-651X͑96͒07509-5͔
I. INTRODUCTION
Very short electron bunches, e.g., submillimeter in bunch length, can enhance applications such as time resolved experiments, next generation light sources, coherent synchrotron radiations, and damping rings for the next linear colliders. A possible method to produce short bunches is to reduce the phase slip factor, or the momentum compaction factor for electron storage rings. Because of its potential benefit, the physics of particle dynamics in low ␣ c lattices is important ͓1-8͔.
In our earlier paper ͓1͔, we transformed the quasiisochronous ͑QI͒ synchrotron Hamiltonian into a universal Weierstrass equation, where particle motion could be described by the Weierstrass ဧ function or the Jacobian elliptic function ͓9,10͔. We showed that the QI dynamical system exhibited chaos at a relatively weak rf phase modulation. Due to the synchrotron radiation damping, stable fixed points ͑SFPs͒ of parametric resonances become attractors. As the amplitude of the applied phase modulation increases, the system exhibits a sequence of period-2 bifurcations en route towards global chaos in a region of the modulation tune. The sequence of period-2 bifurcations has been attributed to parametric resonances of the Hamiltonian system. When the critical phase modulation amplitude is plotted as a function of the modulation tune, a cusp appears. The question is, what causes the cusp in the stability of this dynamical system? Furthermore, what is the effect of the rf voltage modulation?
This paper studies the role of parametric resonances on the stability of the QI dynamical system. Section II studies the effect of parametric resonances due to the rf phase modulation on the stability of the dynamical system. Section III studies the effect of the rf voltage modulation on particle motion. The conclusion is given in Sec. IV.
II. THE STABILITY OF QI SYSTEM WITH rf PHASE MODULATION
The equation of motion for the rf phase coordinate of a particle in a synchrotron is given by
ϭh␦, ͑1͒
where h is the harmonic number, ␦ϭ⌬p/p is the fractional momentum deviation from the synchronous particle, the overdot is the derivative with respect to the orbiting angle ϭs/R 0 , and is the phase slip factor given by
where 0 and 1 are the first order and the second order phase slip factor. In many realistic storage rings, the truncation of the phase slip factor at the 1 term is a good approximation. Similarly, the equation of motion for the fractional off-momentum deviation is given by
where V 0 and s are the rf voltage and the synchronous phase angle, and ␤c and E 0 are the velocity and the energy of the beam. Using tϭ s as the time variable, where s ϭͱheV 0 ͉ 0 cos s ͉/2␤ 2 E 0 is the small amplitude synchrotron tune, and using (x,p) as conjugate phase space coordinates, where
the synchrotron Hamiltonian for particle motion in QI storage rings is given by ͓1͔
Since the universal Hamiltonian is autonomous, the ''energy'' E is a constant of motion. For particles inside the bucket, E͓0, . ͑8͒
The separatrix orbit, which corresponds to mϭ1, is given by
The tune of the QI Hamiltonian is given by
which is shown in Fig. 1 as a function of the energy E. We note particularly that the synchrotron tune decreases to zero very sharply near the separatrix. Because of the sharp decrease in synchrotron tune, time dependent perturbation will cause overlapping parametric resonances and chaos near the separatrix ͓11-13͔. The action of a torus is given by
where F is the hypergeometric function ͓10͔. Using the generating function
the angle variable is given by ϭ‫ץ‬F 2 /‫ץ‬JϭQt. Due to the synchrotron radiation damping, the equation of motion for QI storage rings is given by
where the effective damping coefficient is given by
with the damping decrement , the energy loss per revolution U 0 , and the damping partition number J E . In QI storage rings, the effective damping coefficient is enhanced by the corresponding decrease in the synchrotron tune, i.e.,
, where the value of A can vary from 0 to 0.5. In any realistic dynamical system, time dependent perturbation is unavoidable. In the presence of the rf phase noise, the Hamiltonian in the normalized phase space coordinates is given by
where m ϭ m / s is the normalized modulation tune, and a and m are, respectively, the rf phase modulation amplitude and the modulation tune in the original accelerator coordinate system. Note that the effective modulation amplitude given by In many dynamical systems, e.g., the Duffing oscillator, particle motion is bounded, thus global chaos plays little role in the stability of the dynamical system. On the other hand, the stability region for the QI Hamiltonian system is limited to a finite region of phase space. Existence of global chaos can enhance the probability of unbounded particle motion. This section examines the condition for the stability of the QI dynamical system.
First we examine the effect of rf phase modulation in the absence of friction, where we expand the phase space coordinate in action-angle variables ͓1͔:
Because of the sharp drop in synchrotron tune, many parametric resonances overlap with one another near the separatrix trajectory leading to chaos. The upper and the lower ''straight lines'' are, respectively, tunes obtained from the first order and the second canonical order perturbation expansions.
where
with qϭe ϪKЈ/K . Here K and E are complete elliptic integrals of the first and the second kind, respectively.
The Hamiltonian of Eq. ͑15͒ with rf phase modulation can be expressed as
When the modulation frequency is near a synchrotron harmonic, e.g., m ϷnQ(J), Hamiltonian tori will be perturbed coherently by the resonance term due to the stationary phase condition. Transforming the Hamiltonian into the resonance rotating frame with the generating function F 2 ϭ͓ Ϫ( m /n)t͔J 1 , the Hamiltonian in the resonance rotating frame becomes
where the remaining time dependent ͑incoherent͒ terms are lumped into ⌬H n:1 (t). Because the effective resonance strength h n (J)ϭ 1 2 m Bg n (J) is proportional to g n , the expansion coefficients of the phase space coordinate in Eq. ͑18͒ are also called resonance strength functions. The stable and unstable fixed points ͑SFP and UFP͒ for the time averaged resonance Hamiltonian of Eq. ͑22͒ are given by
.
͑23͒
The left plot of Fig. 2 shows an example of the Poincaré surfaces of section with parameters (B, m )ϭ(0.02,0.86), where SFPs of two resonance islands in the phase space can be obtained from Eq. ͑23͒ with nϭ1. Without phase space damping, the tolerable value of B is small. These two resonance islands rotate around the center of the bucket with tune Q(J FP ). The sharp drop of synchrotron tune shown in Fig. 1 causes many parametric resonances to overlap with one another near the separatrix orbit. This gives rise to the local instability in a region of phase space between two resonance islands shown in Fig. 2 , where the stable region is limited to phase space areas around two SFPs.
The breakdown of Hamiltonian tori near the separatrix is determined by the resonance condition given by
which is satisfied for all high order parametric resonances with n/l у m . Since the Q(E) of the QI Hamiltonian drops sharply near the separatrix, all parametric resonances n:l of Eq. ͑24͒ overlap near the separatrix. The width of the stochastic layer is determined by the overlapping region of these parametric resonances. The stochastic layer width is usually characterized by the whisker map introduced by Chirikov ͓15͔ to be discussed as follows.
We consider the Hamiltonian of Eq. ͑15͒. The energy change rate due to the time dependent perturbation is given by
Using the separatrix orbit of Eq. ͑9͒, the energy change in one complete orbit is given by ͪ .
͑27͒
Thus the whisker map is given by
The right plot of Fig. 3 shows the phase space plot (E Ϫ 1 6 ,) of the whisker map for Bϭ0.003 and m ϭ4. The corresponding phase space map obtained from numerical solutions of the original dynamics equation ͓Eq. ͑17͔͒ is shown in the left plot. Because particle orbits outside the separatrix for the original dynamical system are unbounded, the Poincaré map for those orbits has few points in the left plot. Within the stochastic layer of the whisker map, particles will eventually leak out to infinity.
Physics of the whisker map can be viewed as follows. For a given modulation tune m , the condition for parametric resonances near the separatrix is determined approximately by Eq. ͑24͒. Because many n:l parametric resonances overlap with one another near the separatrix, the stochasticity is localized mainly in the separatrix region. The width of stochastic layer, estimated from the linearized whisker map, is given by
In reality, the width of the stochastic layer depends sensitively on m due to occurrence of parametric resonances. For the QI dynamics system, the whisker map, which works mainly for the particle motion near separatrix orbits, may not be very useful in determining the stability criterion for the dynamical system. In the presence of weak damping force, SFPs of parametric resonances turn into attractors. The right plot of Fig. 2 shows the basin of attraction corresponding to the SFPs with parameters Bϭ0.06, m ϭ0.86, and Aϭ0.05 obtained from tracking 150ϫ150 particles with an initial uniform distribution in the phase space. SFPs of dominant parametric resonances become attractors while SFPs of weak parametric resonances are destroyed. In general, the Hamiltonian in Eq. ͑21͒ is composed of a web of primary parametric resonances. The phase space locations of these resonance islands can be approximately obtained by drawing a horizontal line m in Fig. 1 . The location where the m horizontal line intersects with the line ͑n/l )Q(J), where n,l are integers, is the phase space location where n:l resonance occurs. As m increases, it intersects only those parametric resonances with large n, where the strength function g n is also small. Thus the stability of the dynamical system is less susceptible to high frequency perturbation. In the QI dynamical system, dominant parametric resonances are the nϭ1 and 2 modes. Since the strengths of the 1:1 and 2:1 parametric resonances are large, they can interact coherently to generate a series of secondary parametric resonances located in the range m (1,2). These overlapping parametric resonances can be easily destroyed by the strong damping, however, they provide stochastic background for global chaos ͓1,11-13͔.
B. The 1:1 parametric resonance
When the damping parameter A of Eq. ͑17͒ becomes large, the attractor solutions or the periodic solutions can be obtained by harmonic linearization method ͓14͔. The periodic solution of Eq. ͑17͒ for the 1:1 parametric resonance is given by
Substituting the ansatz into Eq. ͑17͒ and keeping only the first harmonic in the expansion, we obtain
with tan 1 ϭϪ m A/( m 2 Ϫͱ1Ϫ2X 1 2 ), and X 0 ϭ(1 Ϫͱ1Ϫ2X 1 2 )/2. Figure 4 shows the amplitude X 1 of the periodic solution of Eq. ͑17͒ obtained numerically for Bϭ0.5 with Aϭ0.1,0.3,0.5, and 0.7, respectively. The solution of Eq. ͑31͒ for Bϭ0.5,Aϭ0.7 is also shown as a solid line. Figure 4 shows clearly that the periodic solution of the 1:1 parametric resonance plays a major role in particle motion in the QI Hamiltonian system at all modulation tunes except in the region of 2:1 parametric resonance.
From Eq. ͑31͒, we note that X 1 ϭ 1/ͱ2 represents the maximum oscillation amplitude for which this dynamical system is stable. Setting the maximum stable oscillation am- 
C. The 2:1 parametric resonance
Next, our goal is to show that the 2:1 parametric resonance plays also an important role in chaos when the modulation tune lies in the region m р2. First, we realize that when a friction term is added to the Hamiltonian system, the threshold 2:1 resonance tune is lowered, i.e., particles seemingly move slower in the phase space. This is evidently shown in Fig. 4 , where the threshold modulation tune of the 2:1 parametric resonance is lowered as the damping parameter A increases. The reason that the threshold bifurcation tune of the 2:1 resonance is lowered will be addressed as follows.
The periodic solution associated with the 2:1 parametric resonance can be obtained by using the ansatz x͑t ͒ϭX 0 ϩX 1 cos͑ m tϩ 1 ͒ϩy͑ t ͒. ͑33͒
The equation of motion for y(t) is given by
Let the solution of this damped Mathieu equation be
The condition for the Mathieu instability can be obtained by assuming X 1/2 ϳe st with sу0, i.e., The threshold of the Mathieu instability, corresponding to sϭ0, is obtained by setting equality to Eq. ͑36͒, where, for a given damping parameter A, the threshold amplitude X 1 can be expressed as a function of the modulation tune m , and the threshold modulation amplitude B 2:1 can be obtained from Eq. ͑31͒. Figure 5 shows the B 2:1 vs m for Aϭ0.05,0.2, and 0.5 respectively. The curves in Fig. 5 represent the onset of the 2:1 parametric resonance. The dynamical system with parameters (B, m ) located on the line B 2:1 ( m ) encounters the threshold of the Mathieu instability. Now we can understand the lowering of the threshold of m vs A for the 2:1 parametric resonance shown in Fig. 4 as follows. When the damping parameter is increased, for a given B, the threshold tune of 2:1 parametric resonance, determined by Eqs. ͑31͒ and ͑36͒, is lowered due to a larger oscillation amplitude X 1 of the 1:1 parametric resonance. The corresponding B cr,1:1 is also shown as lines marked 1:1 in Fig. 4 . The entire bucket of the QI dynamics system disappears if parameters (B, m ) are above the B cr,1:1 ( m ) line.
D. Stability of the dynamical system
The Melnikov integral method has often been applied to study the chaotic transition of many dynamical systems. If the stable and unstable orbits from a hyperbolic fixed point cross each other, the dynamical system becomes homoclinic, which is an indicator of chaotic motion. The Melnikov integral for the QI system is given by ͓1͔
where the condition for Dϭ0 becomes
͑38͒
Based on the Melnikov integral method, the critical modulation amplitude B cr for the chaotic condition is proportional to the damping parameter A. Now we define the critical modulation amplitude B cr as the minimum modulation amplitude such that the entire bucket is unstable. The thin solid line in Fig. 6 shows the critical modulation parameter B cr as a function of m obtained numerically with parameters Aϭ0.05,0.2, and 0.5, respectively. The estimation obtained from the Melnikov integral is also shown as a line joining triangular symbols. Note that the Melnikov integral method fails in providing the A and m dependence of the stability curve. The threshold B 2:1 of period-2 bifurcation and the critical modulation amplitude for the 1:1 parametric resonance, B cr,1:1 , are also plotted as dots in the same figure. It is interesting to note that B cr obtained from numerical simulation agrees in fine details with the B 2:1 obtained from Eq. ͑36͒ for 0р m р2 and with B cr,1:1 for m у2. This agreement indicates that the 2:1 parametric resonance plays an important role in the stability of the QI dynamical system. As an example, Fig. 9 in Ref. ͓1͔ shows that the QI dynamical system, when m is varied, proceeds through a sequence of period-2 bifurcations in reaching global chaos with parameters Aϭ0.5,Bϭ0.5. In fact, the sequence of period-2 bifurcations will occur in the region of parametric space bounded by B cr and B 2:1 curves shown in Fig. 6 . This sequence of period-2 bifurcations appears in all possible parametric variations. For example, Fig.  7 shows attractor solutions of the QI dynamics system with Aϭ0.2, m ϭ1.975 as a function of the modulation amplitude B. This corresponds to drawing a vertical line in the middle plot of Fig. 6 with m ϭ1.975. At BϷ0.3, the dynamical system encounters Mathieu instability and undergoes period-2 bifurcation. The dynamical system evolves into global chaos via a sequence of period-2 bifurcations. When the vertical line intersects the thin solid line at BϷ0.75, the system becomes completely unstable. As the modulation amplitude B is increased beyond 1.06, the dynamical system recovers from global instability and passes through a reversed sequence of period-2 bifurcation to reach a single steady state solution.
The evolution from disorder to order in the presence of a stronger modulation is due to the increase in the potential well depth created by the 1:1 parametric resonance. When the parameter B is larger than 1.35, the stable bucket area disappears, due entirely to the 1:1 parametric resonance. The parametric space bounded by the B cr ( m ) line and the B 2:1 line in Fig. 6 will show the characteristics of period-2 bifurcation. Since the region of parametric space bounded by B cr and B 2:1 is very small, the system becomes nearly unstable once the threshold of 2:1 parametric resonance is reached. drawn in the middle plot of Fig. 6 . Since these two lines do not intersect B cr ( m ), the system does not reach global chaos, yet the sequence of period-2 bifurcations can be identified. In particular, the second period-2 bifurcation has to arise from the remnant time dependent term ⌬H 2:1 (t). Because the 2:1 parametric resonance has a finite width in the parametric space, it is evident that the course of global chaos would proceed through the sequence of period-2 bifurcations.
It is often misquoted in the literature that the instability of a dynamical system at a low modulation tune, e.g., m р 1 2 , proceeds through the Hopf bifurcation. We find from our numerical simulations that the above statement is not true for the QI dynamical system. At a small damping parameter A, the threshold of instability proceeds through subharmonic excitations due to the nonlinear term in the Hamiltonian, i.e., B cr рB 2:1 ͑see the bottom plot of Fig. 6͒ . At a large damping parameter, the 2:1 parametric resonance becomes more important than the subharmonic terms, as shown in the top plot of Fig. 6 , where B 2:1 рB cr .
III. PARTICLE DYNAMICS IN QI WITH rf VOLTAGE MODULATION
In the presence of rf voltage modulation, the equation of motion for the normalized phase space coordinates is given by
where the Hamiltonian is given by
Here H 0 is the unperturbed Hamiltonian of Eq. ͑5͒, and v and b are modulation tune and the fractional modulation amplitude, i.e.,
A. Parametric resonances
When the voltage modulation amplitude b is small, the Hamiltonian can be expanded in action-angle variables (J,) of the unperturbed Hamiltonian. Expanding p 2 in action-angle variables,
where G Ϫn ϭG n * the perturbed Hamiltonian of Eq. ͑41͒ be-
where nϭ0 term does not affect particle motion, and the voltage modulation in the QI Hamiltonian contains all harmonics. Using Eq. ͑19͒, we find that the most important contribution in the voltage modulation comes from the nϭ2 term, and all G n vanishes at the separatrix orbit. The effect of the voltage modulation on particle motion is much weaker than the perturbation arising from the rf phase modulation ͑see Sec. III and Ref. ͓1͔͒. Figure 9 shows G n as a function of E for nϭ1,2,3, and 4. In general, the time dependent perturbation will not be important unless the stationary phase condition is satisfied. At the resonance condition the stationary phase condition gives rise to coherent perturbation on Hamiltonian tori. Transforming the Hamiltonian into the resonance rotating frame with the generating function, F 2 ϭ͓Ϫ( v /n)t͔J 1 , the Hamiltonian is given by
where we have lumped all incoherent terms into ⌬H n:1 (t). The fixed points of the time averaged Hamiltonian are given by
͑46͒
There are n SFPs and n UFPs for the resonance Hamiltonian. The perturbed Hamiltonian of Eq. ͑43͒ has generally a web of parametric resonances. When resonance islands overlap with one another, chaos can occur in the overlapping region of the phase space. The left plot of Fig. 10 Fig. 10 shows the basin of attraction with parameters Aϭ0.1, v ϭ1.95, and bϭ0.21. Here, the appearance of the center attractor in the right plot indicates that the tune of the dynamical system is slightly lowered, and the stable region in the phase space is also increased by the damping force.
B. Harmonic linearization method and periodic solutions
The Hamiltonian formalism is not applicable when the damping parameter A of Eq. ͑17͒ becomes large. The attractor solutions or the periodic solutions can be obtained by harmonic linearization method ͓14͔. Let the ansatz of Eqs. ͑47͒ and ͑48͒ be given by
Substituting the ansatz into Eqs. ͑48͒, we obtain
with tan 1 ϭ( v 2 Ϫͱ1Ϫ2X 1 2 )/(Ϫ v A) and X 0 ϭ(1 Ϫͱ1Ϫ2X 1 2 )/2. In the weak damping and small modulation amplitude approximation, the modulation amplitude is related to modulation tune by v Ϸ1Ϫ 1 2 X 1 2 , which agrees reasonably well with that of Eq. ͑51͒ for the nϭ1 mode. The amplitude of attractors obtained from numerical simulations is shown in Fig. 11 for Aϭ0.01 and Bϭ0.3. Solid lines show the solution of Eq. ͑51͒ for the 1:1 resonance. Other attractor solutions can be identified as 2:1, 3:1, 3:2, and 5:2 parametric resonances.
Note that X 1 ϭ0 is a solution of Eq. ͑51͒ for all v . However, Fig. 11 
͑53͒
This is the generalized Mathieu equation with phase space damping. The general solution can be expressed as
In a finite tune window, the amplitude has a solution X 1/2 ϳe st with sϾ0. Thus X 1/2 ϭ0 corresponds to the UFP of 2:1 parametric resonance in Eq. ͑46͒. This instability is called the Mathieu instability.
C. Transition to global chaos and Melnikov integral
We observe in the previous few sections that the QI dynamics system will encounter global chaos when the modulation amplitude is large. What is the critical modulation amplitude for the onset of global chaos? Using ͑47͒ and Eqs. ͑48͒, the distance between the stable and unstable orbits from the UFP of the unperturbed Hamiltonian is given by the Melnikov integral ͓14͔
͑55͒
where x sx and p sx of the separatrix orbit given by Eq. ͑9͒ have been used to obtain the Melnikov integral. The condition for a homoclinic structure near the separatrix is given by
Based on the Melnikov integral method, the critical modulation amplitude b cr for the chaotic condition is proportional to the damping parameter A. Note also that the Melnikov integral has a pole at v ϭ1. This means that the nϭ1 harmonic is usually not excited by the rf voltage modulation. The physics is that the rf voltage modulation at a tune of v ϭ1 can be averaged to zero, and the particle motion can tolerate a large voltage modulation amplitude. In reality, the dynamical system with amplitude modulation is complicated because many subharmonics can be excited by the Mathieu instability.
To provide a complete analysis on the stability of the QI dynamical system under rf voltage modulation, we perform extensive numerical simulations, where the critical modulation amplitude is defined as the condition that the entire bucket is unstable. The shaded areas of Fig. 12 depict parametric regions (b, v ) where there exist stable phase space points in the bucket. In other words, parameters in the white space regions correspond to the result that the entire rf bucket is unstable. The critical modulation parameter b cr for the onset of global chaos can be identified as the boundary between the shaded area and the white space. Although bϾ1 is unphysical, the stability of this dynamical system is studied in the entire parametric space for completeness. The estimation obtained from the Melnikov integral is also shown for comparison. We observe that the Melnikov integral does not provide detailed understanding of the stability of this dynamical system. 
FIG. 12.
The shaded areas mark the stable regions of the QI dynamical system under the rf voltage modulation with the damping parameter Aϭ0.1 ͑lower plot͒, and Aϭ0.5 ͑upper plot͒, respectively. The white areas in (b, v ) correspond to the condition that the entire bucket is unstable. For completeness, we include the parametric region bϾ1 in our study of the stability of the QI dynamical system. The solid line that connects dots corresponds to the critical modulation amplitude obtained from the Melnikov integral method.
IV. CONCLUSION
In conclusion, we have identified the role of parametric resonances in the transition to global chaos for the QI dynamical system. At m у2, the stability of the dynamical system is determined mainly by the 1:1 parametric resonance. At m Ϸ2, the 2:1 parametric resonance, on top of the 1:1 parametric resonance, causes the SFP of the 1:1 resonance to be unstable ͑Mathieu instability͒. This gives rise to a global instability to the entire QI bucket. Thus the characteristics of global chaos ͑instability͒ for m р2 will proceed through a sequence of period-2 bifurcation, which arises from the 2:1 parametric resonance. For the QI dynamical system, the stability can be obtained reliably by the method of parametric resonance analysis, while the Melnikov integral method fails even to provide a proper dependence of the stability on the modulation tune and the damping parameter. We have also studied the effect of voltage modulation on the QI dynamical system. We find that the QI dynamical system is insensitive to rf voltage modulation provided that the voltage modulation amplitude b is smaller than 0.2.
